QUASI-COMPLEMENTS AND CLOSED PROJECTIONS IN
REFLEXIVE BANACH SPACES

BY
F. J. MURRAY

Introduction. Given a closed additive subset M of a Banach space, B, the
problem of complementation is fundamental in the study of the structure of
the space and also of linear transformations. If we regard 8 and I as abelian
groups, it corresponds to the problem of finding in 8 a (closed) subgroup, N,
which is isomorphic to 8/ under an “element of” relationship.

More directly, a complement is defined by the statement: A closed addi-
tive set N is said to be a complement to I if every element of B has a unique
resolution in the form g+4% where gEM and AEN. The uniqueness of the
resolution is equivalent to the statement: M- N = (0). If we denote the set
of elements in the form g+%, gEM, hEN, as M- + - N, complementation can
be expressed as M-+ - N=B, M- N =(0).

The existence of a complement is equivalent to the statement: There ex-
ists a continuous additive transformation E with E?=E and range . Such
an E is called a continuous or bounded projection. (Cf. [M2]. The square
brackets refer to the bibliography at the end of the paper.)

In a previous paper the author has shown that in the separable reflexive
Banach space, &, p>1, p#2, there exist manifolds I which do not have
complements ([M2]). A second proof of this has been given in [S].

In an address before the American Mathematical Society on May 2, 1941
([M4]), the author suggested the study of quasi-complements. 9 is a quasi-
complement to M if M- N =(0) and M- + - N is dense in B. For quasi-comple-
ments, we have closed rather than continuous projections, E. (Cf. §4 below.)

In the present paper, we prove that for a separable reflexive Banach
space B, with a separable adjoint space, B*, every closed additive set, M, has
a quasi-complement. For the type of space mentioned, this answers Problem I
of the above mentioned address.

In certain ways, this is quite remarkable. For instance, while, in Hilbert
space, many essential structure theorems hold for continuous transformations
and also for closed transformations (cf. [M3, chap. 9]), the latter are pre-
ferred simply because they are more inclusive. But here we have a property
which is associated with closed projections rather than the continuous pro-
jections. In this case, then, the closed transformations are really more effec-
tive than the continuous transformations. These results certainly indicate
that it will be very desirable to study the structure of linear transformation
relative to closed projections as suggested in [M4].
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However one of the usual weaknesses of the closed transformation theory
is indicated in our theorem of §9, below. A quasi-complement 0 of M, which
is not a complement, has a proper subset, it’’, which is also a quasi-comple-
ment of I and, furthermore, it itself is a proper subset of a quasi-complement
N’ to M. Thus a proper quasi-complement is not only not unique but can be
properly expanded or contracted to quasi-complements.

Summary. The main result is given in the theorem of §8. The cases in
which either M or its orthogonal complement(!) MP are finite-dimensional
are easily disposed of. In the remaining case, we construct a biorthogonal se-

ries ¢y, @2, + + +, Py, Po, -+ - with the properties that while the ¢1, ¢z, @3, * - *
span B, the ¢, ¢3, s, - - span IM and similarly the &, ®;, $;, - - - span the
conjugate space, 8*, and the ®;, ®,, g, - - - span INP, the orthogonal com-
plement of k.

Using this series, we define an operation E’ on the finite linear combina-
‘tions of the ¢’s by suppressing the ¢’s with even subscripts, that is, E’k is
defined if h=Effla,¢,~ and E’h =Zf_1a2._,¢>2,_1. Under these circumstances
E’ is a transformation having a dense domain and its adjoint also has a dense
domain. This last implies that the closure of E’ exists. This closure E is the
desired projectibn whose range is .

§§1 and 2 are concerned with notations and certain preliminary notions.
‘These latter include the concepts of orthogonality, relative totality and also
the set, &, of elements minimal relative to a given closed additive I, a notion
discussed in [M4] and in particular Appendix I, pp. 85-87.

In our proof, certain relations between a transformation and its adjoint
are fundamental. These relations are based on the graph and were originally
given for Hilbert space by von Neumann in [v.N]. They were generalized to
¢, by the author in [M1]. While the generalization to a reflexive Banach
space is quite easy, it is given in §3 for completeness.

§4 gives the relationship between projections and quasi-complements and
also certain properties of projections.

The actual construction of the necessary biorthogonal series is given in
§85-7. §5 is concerned with the “bi-orthogonalizing” process, that is, the
equivalent of the Gram-Schmidt process. The form which we use is based on
certain adjoint properties of projections and is given in Lemma 15. The se-
ries ¢y, ¢z, - - + stems ultimately from a sequence {gi0} which is dense in M
and a sequence {h;o}, dense in &, the set of elements minimal relative to 9.
But a certain rectification is necessary. The set {k;} from & which is used
must be linearly independent, modulo I, and this is accomplished in Lemma
16. Lemma 17 insures that & be infinite-dimensional, which is essential to the
final construction as given in Lemmas 18 and 19.

§9 discusses the extension question.

(*) Due to the wartime emergency, IMP is used instead of ML for the orthogonal comple-
ment.
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1. We deal with a separable Banach space, 8, that is, 8 is of type (B),
additive, normed and complete. (Cf. [B, p. 53].) It will be immaterial in our
discussion, as to whether the scalar multiplication of 8 is by real or complex
quantities. Cf. [M1,p. 84] and [BS]. Elements of 8 will be denoted by f, g, &,
and k. The set of continuous additive functionals on 8 constitute again a
Banach space 8*. (Cf. for instance, [M3, p. 11].) Elements of 8* will be de-
noted by F, G, H, and K. We assume that 8* is separable also.

B is isomorphic with a subset of (B*)*, for the equation

M F(f) = 1(F),

for a fixed fESD, defines a linear functional » on the FEB*. This subset is
not (B*)* in general. (Cf. [B, pp. 115-116]. This discussion shows that the
subset of (B*)* corresponding to B does not have a property of (B*)*, that
is, the property of the lemma of [B, chap. IV, §3, p. 57].) We wish however to
confine ourselves to the case in which ¥ is isomorphic to (8*)*. In this case, B
is called reflexive.

Thus we are concerned with a separable, reflexive, Banach space for which
B* is also separable. (The last condition may be redundant.) The relationship
(1) for all F of B* between f and 7 is then an isomorphism and thus we may
consistently identify 7 & (8*)* with the corresponding f.

A set © in B is said to be additive if the linear combinations of its elements
arealso in it. If & is any set, we denote by A(&) the set of linear combinations
of elements of &. SCA(S). Additivity may be written as & =%(&). It will
be convenient to let ¥ stand also for an arbitrary additive set.

We denote the closure of a set & by [&]. [U] is also additive, when ¥ is
additive. The notations M and 9N will be reserved for closed additive sets.

If & is an arbitrary subset of 8, we denote by &F the set in 8* of linear
functionals F such that F(g) =0, for all g&&. (&F)P is of course in (B*)*. But
we should like to identify (B*)* and B as in the above. Thus we consider
(&P)P to be in 8.

LeMMA 1. (a) &P is closed and additive. If S,CS,, S:F C &SP,
(b) &P=[&]F=(A(S))"=[A(S)]*.
(c) (MPYP=9M.

Proof. (a) is obvious.

(b) F(g)=0 for all gES implies F(g)=0 for all g&€[&], A(S), and
[%(©)] by the additivity and continuity of F. Hence & CUA(S)?, &P C [&]?,
and &2 C [A(S)]?. But (a) yields A(S)PCSP, [S]PCS?, and [A(S)]FCSP.
Hence (b) follows.

(c) There is a result of Banach which states that if & is not in I, there is
an FEIRP such that F(h)=1. (Cf. [B, chap. IV, §3, lemma, p. 57].) Thus &
not in M implies % not in (IMF)P. On the other hand EEM clearly implies
RE (IMP)P and thus the two sets are identical.
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Note the corollary to (b) and (c).
COROLLARY. (SF)P = [A(S)].

Proof. Let M = [A(S)]. Then (b) shows SP=MP and (c) implies (SF)P
=(MPP =M.

Suppose now SC8 and &' C8*. &' will be said to be total relative to &
if F(f)=0 for all FE&' and fE€S imply f=0. Identifying (B*)* and B we
may consistently define: & is total relative to &’ if F(f) =0 for all fE& and
F&®&’ implies F=0.

LEMMA 2. (a) Totality of ©’ relative to © may also be written &’F- &S =(0).

(b) Totality relative to & of &' is equivalent to that of [&'], A(S'), or
[a(&"].

(c) B* is total relative to B.

d) If &'D&’, & total relative to © implies &'’ total relative to &.

Proof. (a) is obvious. Lemma 1(b) and Lemma 2(a) yield (b). To show
(c), we let M =(0). MP=B* and Lemma 1(c) show that (B*)P = (MFP)P =(0).
Thus B*P-B = (0) and now (a) implies (c). Lemmas 1(a) and 2(a) imply 2(d).

2. We now consider a fixed MCB. (M is of course closed and additive.)
Let & denote the set of elements %, minimal relative to I, that is, for which
for every gEM, | h+g| = | h| . & is closed since this condition is clearly implied
for limit points of &.

Let f be an arbitrary element of 8. Let C be the set of elements f+g¢ for
gEM. In [M4, Appendix I, p. 86] it is shown that, for every f, C contains an
element of &, that is, h=f+g, gEM. We may write this f=h+(—g), hES,
(—g)EM. Thus we have

LEMMA 3. Every fED can be expressed in the form f=g+h, hES, gEM.

Note that since |f—g| =| | is a minimum for gEM, g is the element of M
nearest f.

The author has become aware only recently that this and certain other
results of the appendix of [M4] had been obtained in [KS].

LEMMA 4. (a) & is total for MP.
(b) If &, is dense in S, &, is total for MP.

Proof. (a) If FESP-INP, then we have for every fEB, F(f)=F(k)+ F(g)
=0 (cf. Lemma 3). Hence F=0. Thus &7-IMP=(0) and Lemma 2(a) shows
that & is total relative to 2.

(b) If S is dense in &, [S,] =S since the latter is closed. Thus Lemmas
2(b) and 4(a) yield 4(b).

We may also consider &*, the set of elements of B* which are minimal
relative to MP. Since, by Lemma 1(c), M = (IFP)?, we have by Lemma 4:
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LeMMA 5. (a) &* ¢s total for M.
(b) If So* is dense in S*, &, is total for M.

3. In this section certain relations between a transformation T and its
adjoint are established. For 8 = §, these results were given in [v.N]and for
B=8,, p>1, in [M1]. While the generalization offers no difficulty, inasmuch
as these results are essential in our discussion they are given completely.

We shall be interested only in transformations on 8, but in this discussion
it is more convenient to state results on transformations between Banach
spaces. Thus we consider two separable reflexive Banach spaces 8; and B.
and transformations between them. In our applications, 8;=38;=9.

We form 8, ®D;, the set of ordered pairs {fy, fo} with fiES,, 2EB,, and
norm (say)

| {fu £} | = (| £ul2 + ] f2 |92

Addition and scalar multiplication are defined as for vectors. Banach has
shown that (8, ®9B:)* is isomorphic with B* Bs* with respect to the corre-
spondence

F ~ {Fy, F,} (F € (B: ® B,)*,F1 € B F, € BS)
determined by the equation

F({fu f2}) = Fi(f) + Fulfs) ({11, f2} €E8:0 B

(cf. [B, chap. IX, §9, Theorem 14, p. 192]). Clearly this implies that B, ®B: is
reflexive. We identify (8;®82)* and B* ©B:*.

If T is a transformation, we term the set of f's for which Tf is defined
the domain of T (usually denoted by D) and the set of Tf's the range of
T (R). If T is from B, to Bs, we call the set of {f, Tf} for all fED the graph
of T. (This set we shall denote by T.) TCB1PB:. Similarly if T is from B,
to B, the set of { T, f} constitutes its graph. T will be additive or closed if T
is respectively additive or closed. The following lemma is obvious.

LEMMA 6. 4 set TCB1D B2 is the graph of a transformation T from B, to Ba
if and only if {f, &} ET and {f, g2} ET imply g1=gs, that is, when the first
element of a pair determines the second element. When T is additive, this condi-
tion is equivalent to {0, h} ET implies h=0. Similarly an additive TCB, HBs
is the graph of a transformation from B, to By if and only if { h, 0} €T implies
h=0.

For an arbitrary transformation, T, consider %(Z), [T], or [A(T)]. If any
of these is the graph of a transformation, we call the corresponding trans-
formations, respectively, the additive extension of T (the usual symbol for
this is T, the closure of T ([T']), or the closed additive extension ([T']).

If T is a transformation from 8B, to B, and TPCBF*SB* (cf. the third
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paragraph of this section) is the graph of a transformation TP from 8.* to B,*,
then we call TP the perpendicular to 7. When TP exists, H=TPG if and only
if for every {f, Tf} €T we have

(e) 0 = {B,6}{s, T7) = B() +GTp.

When T? exists T*= — TP is called the “adjoint” of T. H=T*G is equivalent
to —H=TF?G and, by the above, we have that this is equivalent to the state-
ment that for every {f, Tf} €T

®) H(f) = G(T)).

LeEMMA 7. If TP(T*) exists it is a closed additive transformation. TP(T*)
exists if and only if [A(D)]=B1. (D is the domain of T.)

Proof. The first statement follows from Lemma 1(a). To show the second,
we notice that in the following sequence of statements each is equivalent to
the next.

(a) TP is the graph of a transformation from B;* to B,*.

(b) {H, 0} €I implies H=0.

(c) DP=(0).

(d) B:=[A(D)].

(a) and (b) are equivalent by Lemma 6. By () above {H, 0} &3P is
equivalent to 0=H(f) for all fED, that is, to HEDP. Thus (b) and (c) are
equivalent. Since (0)? =8;, Lemma 1 and its corollary show that (c) and (d)
are equivalent.

Comment. It is customary to say that D “spans” [A(D)]. When T is ad-
ditive, ® is also additive and thus [A(D)]=9B, becomes simply that [D] =98,
or D is dense.

LeEMMA 8. If T is additive and has domain dense then [T'] exists if and only
if TP(T*) has domain dense.

Proof. By Lemma 7, TP exists. This lemma also implies that (TP)? is the
graph of a transformation if and only if 7% has domain dense. But by the
corollary to Lemma 1, (¥?)? = [Z] for an additive €. Thus [T] is the graph
of a transformation if and only if TP has domain dense.

COROLLARY. When [T] exists, (T?)P=[T]=(T*)*. Also [T]*=T* and
[T]P=T>.

~ Thus if a transformation T is c.a.d.d., that is, closed, additive, and with a
dense domain, then TP (and T*) also has these properties and furthermore
the relationship is involutory, that is, T is related to T7 as T is related to T.

We add some simple results for c.a.d.d. transformations.

LEMMA 9. If T is c.a.d.d., then:
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(a) T+a-1 for any scalar a is also c.a.d.d. (—T)*=—T*, (T+4a-1)*
=T*+a-1, (TH+a-1)P=—(—TP+a)=TF—a(?.

(b) If N is the set of zeros of T, that is, the set of f's for which Tf =0, then N
is a closed additive set.

(c) If R* denotes the range of TP (and of T*), then R*F=N. Consequently
if N* is the set of zeros of TP (and of T*) then RF =N*.

Proof. (a) Suppose ({f:, Tf:+af:}) is a convergent sequence in the graph
of T+a. This implies that ({f:, Tf:}) is also convergent and since £ is closed,
the limit is in the form {f, Tf}. Consequently the limit point of the original
sequence is in the form {f, Tf+af} and hence it is in the graph of T+a. This
argument shows that the graph of T4a contains all its limit points and hence
T +a is closed.

(—T)*= —T* is obvious from (8). From (8) we also get that {H, G} in
the graph of T™* is equivalent to

H(f) = G(Tf),
for all fED. But this is clearly equivalent to
(H + aG)(f) = G(Tf + of),

for all fE€D. Thus {H+aG, G} in the graph of (T+a)* is equivalent to
{H, G} in the graph of T* Hence (T+a)*=T*+a. This yields in turn
—(T+a)*=—(T*+a)or (T4+a)P = —~(—TP4a)=TF—a.

(b) If (f:) is a convergent sequence of elements of R with limit f, ({f, 0 h
is a convergent sequence of T with limit {f, 0}. Since ¥ is closed and
{fo 0} €L, {f, 0} ET or Tf=0. Hence fEN. Thus N contains all its limit
points and is closed. The additivity of 9 is established similarly.

(c) If H s in the range of 77 and fEN then there isa G with {H, G} €esr
and also {f, 0} €Z. Hence

() 0= {H,G}({f, 0}) = HY) +G(0) = H().

Since this holds for all HER*, we must have fER*P. Thus fEN implies
FER*? or RCR*P. On the other hand if FER*P, (y) holds for all {H, G} ETP
and hence {f, 0} €(T*)?=[T]=g. But {f, 0} ET means Tf=0 and fERN.
Thus fER*? yields fEN and we may conclude R*? CN. The two results give
N =R*P,

4. We now consider the connection between the notion of quasi-comple-
ment and that of projection. These results were given essentially in [M2],
but for completeness we give them here in the form which we shall use.

Suppose M and N are closed additive subsets of B. Let M- + - N denote the

(® In the case of complex scalar multiplication, for instance in Hilbert space, it is cus-
tomary to define scalar multiplication in 8* by taking the product of the linear functional
and the complex conjugate of @ in the usual sense. These formulas then become (T+a-1)*
mT*4+G-1, (T+6)P=—(—TP48)=TF—4,
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setof f+g, fEM, gEN. M and N are quasi-complements if (a) [M- +-N]=B
and (b) M- N =(0).
A c.a.d.d. transformation E such that E?=E will be called a projection.

LeMMA 10. (2) If E is a projection and N is the set of zeros of E and M is the
range of E, then M and N are closed additive sets and are quasi-complements.

(b) If IR and N are quasi-complements and E is the transformation defined
on M-+ - N such that E(f+g) =f for FEM and gEN then E is a projection.

Proof. (a) Since E is c.a.d.d., N is closed by Lemma 9(b).

We must show that I is closed. To do this we first prove that I is the
set M, of elements f for which Ef=f. Clearly I, CIN. On the other hand, if
FEM, there is a g such that f=Eg. Since E?=E, f=FEg=E?=FE(Eg) =Ef.
Hence fED4. Thus fEM implies FEM, and we have MCMy. The two inclu-
sions imply I =M.

We can show that I, is closed as follows. By Lemma 9(a), E—1 is closed.
Hence by Lemma 9(b), Iy, the set of zeros of E—1, is closed. Thus M is
also closed.

It only remains to show that It and N are quasi-complements. Suppose f
is in the domain of E. Since E?!=FE we have E(1—E)=0 and hence
(1—-E)feN. Also EfEIM. Hence f=Ef+ (1 —E)f shows that fisin M- + - N.
Thus DCM- 4+ -N. Since D is dense, M- + - N must be dense. On the other
hand fEM-N=T-N implies Ef=f and Ef=0 or f=0. This yields IM-N
=(0). Thus M- +-N is dense and M-N=(0) and M and N are quasi-com-
plements.

(b) If £ is in M- 4 - N, the resolution k=f4g for fFEM, gEN is unique.
For if h=f+g=fi+g, with iEM and g EN also, then f—fi=g1—gEM-N
=(0). This implies f—fi=g1—g=0. Hence Eh=E(f+g) =f is uniquely de-
termined. This uniqueness implies that E is additive and since D=IM-+ N,
D is dense.

We now show that E is closed. Let ({f:+g:,f:}) be a convergent sequence
from @, the graph of E with limit {h, f}. fi—f and fi+gi—h imply that
gi—h—f=g. Since M and N are closed, fEM and g&N. Thus h=f+g is in
M-+ -Nand {h,f} isin € Thus & contains all its limit points and E is closed.

Thus E is c.a.d.d. Since, for fEM, Ef=E(f+0)=f we also have E*=E
and hence the proof of the lemma is complete.

In Lemma 10(a), we showed that DCI- +-N. But N and M=M, are
in ® and since D is additive, we also have IN- + - NCD and thus we obtain
the following corollary.

COROLLARY. In Lemma 10(a), D=M -+ -N.

LeMMA 11. If E is a projection, then 1 — E and E* are projections. If M and
N are as in Lemma 10(a), then M is the set of zeros of 1 —E and N is the range
of 1—E. E* has range NT and the set of zeros of E* is MP.
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Proof. Let us first consider the statements concerning 1 —E. Since, by the
corollary to Lemma 10, the domain of E is M- + - N, this is also the domain of
1—E. Since M= (cf. the proof of Lemma 10(a)), we have E(f+g) =f for
FEM, gEN and (1—E)(f+g) =g. Lemma 10(a) tells us that M and N are
quasi-complements. Thus for the quasi-complements, M and N, 1 —E is the
transformation defined on M- 4 - N such that (1 — E)(f+g) =g. Hence Lemma
10(b) shows that 1 —E is a projection and the other statements on 1 —E are
clear.

We next consider E¥. E*is c.a.d.d., since E is c.a.d.d. It follows from Lem-
mas 9(c) and 1 that RN*, the range of E*, is included in NP, (For R*P =N im-
plies [A(R*)]=NF.) On the other hand, if FENP, we have for all h=f+g,
fem, geN,

F(h) =F(f + g) = F(f) + F(g) = F(f) = F(ER).

Thus (B) of §3 yields E*F exists and equals F. Hence R* also includes NP
and we may conclude R*=NF. Since E*F=F for FER*, we have E*(E*H)
exists and equals E*H for every HE®8* for which E*H is defined. Hence
E*?=F*,

Thus we have shown that E* is c.a.d.d. with (E*)2=E* and R*=NF.
Lemma 9(c) also tells us that 9t* =M and thus the lemma is established.

COROLLARY. M and N are quasi-complements if and only if MP and NF are
quasi-complements.

Proof. If M and N are quasi-complements, we consider the E of Lemma
10(b). For this we have by Lemma 11 that E* is a projection with IRP as set
of zeros and NP as range. Hence Lemma 10(a) shows that IM? and NP are
quasi-complements.

If on the other hand, IMP and NP are quasi-complements, the above argu-
ment shows that I = (MFP)? and N = (NP)P are quasi-complements.

5. We next consider the notion of a biorthogonal series. (Cf. [B, p. 106].)
If ¢1, ¢2, - -+ is a (finite or infinite) sequence of elements of B and
®,, ®,, - - - a sequence of B* containing as many elements as the first se-
quence, such that

®i(¢,) = di.p

the pair of sequences constitutes a biorthogonal series. This notion is sym-
metric, relative to 8 or B*.

LEMMA 12. Let ¢y, 2, -+ - , P1, Po, + - - constitute a biorthogonal series.
If an element b of B can be expressed as a finite sum

n

h= aips

f=1

then the a's are uniquely determined and a;= ®.(h).
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Proof. Apply ®; to both sides of the equation.

LeEMMA 13. Supposedy, « + + , b, P1, + + -, . are a given finite biorthogonal
series. Let h€B and HEPB* be given and let h'=h—) r ®,(h)b: and
H' =H-> " H($;)®;. Suppose now that H'(h") 0. Then we can enlarge the
biorthogonal series ¢y, - « + , bn, P1, + + -, Pu, by adding @ ¢pny1, Puya, so that the
result is a biorthogonal series and h is a linear combination of ¢y, - - + , Pni1,

and H is a linear combination of the Py, - - -, Ppyy.

Proof. It is easy to show that ®;(A’')=0fori=1, - . - ,nand H'(¢;) =0 for
i=1, - - -, n. Now choose constants ¢ and C so that ¢-CH’(k’)=1. Let
¢”+1=Ch,, q>p+1=CH'. Then ¢1, ce ey, ¢,.+1, @1, L I (I),..H is the desired ex-
tension. For this is readily seen to constitute a biorthogonal series and since
¢#0 and C#0, h and H are linear combinations of, respectively, ¢, * * *, pni1
and q)l, ey, @'H-l'

LEMMA 14. Let @1, + + + , Pay By, » « «, B, be a (finite) biorthogonal series.
Then ’

Eh = z”: Si(h)p:
i1

defines a continuous additive transformation with E*=E. E is a projection with
range A(Pp1, « + + , P») and

E*F = z": F(¢s) ®s.

tnal

Proof. It is clear that for every & in 8

|mbl s Sl adhed s Slam | ol s(Sled L)l
il i1 i1

Thus E is bounded and since it is additive, it is continuous. This of course
implies that E is c.a.d.d. Now if % is in the form Z?_la.fb.', ®;(h)=a; by
Lemma 12 and hence Ek=)_*.,a:¢;=h. Thus Eh=h for all & in the range of
E and this implies E2=E. Hence E is a projection. Clearly the range of E is

2[(¢1, * ¢n)-
Now if, for an FEB*, we define G=)_r.,F(¢:) ®;, we have for every hESB,

F(ER) = 3 ®:(WF(é) = G(h).

f=1

Hence E*F is defined and equals G. This proves our statement on E*.

LeEMMA 15. If in the hypothesis of Lemma 13 we have either H'(h) #0 or
H(h')#0 instead of H'(h') #0, the conclusion is still valid.
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N

Proof. This lemma follows from H’'(h)=H'(h')=H(h') which we now
prove. We define E by the equation Ef =) r.,®,(f)¢:. Lemma 14 shows that
E is a projection and »'=(1—E)h, H'=(1—E*)H. Lemma 9 implies that
1—E*=(1—E)* and thus H'=(1—E)*H. Lemma 11 yields that 1—E and
(1 — E)* are projections. Using these results we obtain

H W) =H((1—Eh =1 — E)*H'(h) = (1 — E)**H(h)
= (1 — Ey*H(h) = H'(h),
H'(K) = (1 — E)*H(K) = H(1 — E)¥) = H((1 — E)*h)
= H((1 — E)h) = H(K)
and this establishes the lemma.
6. We now suppose that I is fixed and we begin the construction that
will result in a projection with range M. We recall from §2 that & is the set

of elements of 8 minimal relative to M and S* is the set of elements of B*
minimal relative to IMP.

LEMMA 16. There exist sequences (1) {g.} C, (2){G¢} c_e*, (3) {h;} Cco,
and (4) { .} CIMP such that:

(a) {gt}] m
(b) [21(36 H})]= 58*
() [( } {& =9

) [{H: ] W?”

(e) D _t.,a:G.EMP implies a;=0.
(f) Z;'_,a;hge‘zm 'mtpltes a;=0
(g) {G.} is total relative to M.
(h) {hi} is total relative to MP.

Proof. Since B is separable, every subset contains a denumerable or finite
set which is dense in it. (Cf. [M3, p. 16, Lemma 1].) This also holds for 8*.
Now let {gio} be a dense denumerable subset of M, {G:} one for &*, {k;o}
for &, and {Ho} for MP. From Lemma 3, we see that {0} -+ {g:«} is dense
in 8 and {Gu} -+ {Huw} is dense in B*. From Lemma 5(b) we get that
{G;o} is total for M, and from Lemma 4(b) we get that {h;o} is total for INP.

We now consider the Gjo successively and if, for any set of a;'s,
G,.o—Z"'.'lla.-G.'o=Kno€9ﬁPr we discard Gno from the G;o set and add K,
to the H;, set. Renumbering if necessary, we obtain new sequences {G.‘},
{H}, for which one still has {G:} C&*, {H:} CIM* but which will also sat-
isfy (b), (d), (e) and (g) as we shall now prove.

(e) is evident from the casting out process. Since D {H,} D) {H;o} and
the latter is dense in M, (d) is also clear. Now from the casting out process,
we see that A({H.}, {G:})D{Giw}. Also A({H.}, {G: })D{H } D {H.,}.
Hence A({H;}, {G })D{H.o} {Gi} and thus B*D[A{H.}, {G: })]
D[{Hi} +- {G.o}] B*. This is (b).
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Only (g) remains. We know that the sequence {G;o} is total relative to M.
This means that to every fEIR, there is a G, such that G. (f) #0. Let us
consider such an fEIM and let # be the least subscript such that G.o(f)#0.
This G.o can not be discarded. For if G, is to be discarded, we have
Gno =Z.:lla;G;o+K,. for a K,EIMP. By the definition of #, G;(f) =0 fori <n
and since K,EMP, fEM, we have K,(f) =0. Consequently, we would have
Gno(f) =2 2=1a.:Go(f) +KA(f) =0 contrary to hypothesis. Hence Gno can not
be discarded and is among the G;. Thus we have shown that to every fEIN,
there is a Gao€ { G;} for which G;(f) 0. Thus the new set {G.} is total for M.

We now rectify the {h} CS and {g:«} CIN by discarding those k. for
which hao=2 t-lahi+k, for a k,EM and inserting the k, in the { g,-o} se-
quence. The resulting sequences {h.-} C® and {g;} CIM will satisfy (a), (c),
(f), and (h) as a proof similar to the above will show.

It will be convenient to consider separately the case in which both I
and M? are infinite-dimensional. The following lemma is important in this
case.

LemMa 17. If a set {G:} is total relative to M and {G;} spans only a finite-
dimensional linear set, then I is finite-dimensional.

Proof. Suppose Gy, * + +, G, is a maximal linearly independent set among
the G;. (The subscripts may have been renumbered.) Since (G, - + +, Ga)
> {G"} , A(Gy, - - -, G,) is total relative to M also by Lemma 2(d). Lemma
2(b) then shows that Gy, - - + , G, is also total relative to .

Next we notice that if G. is such that there is a K,EINP, such that
Gm—2 _"7'a.G;=K., for a set of constants a;, then we may drop all these Gn's
out of the sequence and the result will still be total. The argument is the same
as for the proof of (g) of the preceding lemma. Thus we may suppose that if

> a.G:EMP, then a;=0, that is, our Gy, - - - , G, satisfy (e) of the preced-
ing lemma.

We now construct a biorthogonal series, ¢1, - -+, ¢n, 1, « -+, P, such
that ¢;:€M and A(®y, .-, P,)=AGy, - - -, G,). Suppose now thdt

b1,y bk, P1, -+, & have been constructed (¢ may be 0) with
o, -, 6xEM, and A(Py, - - -, B)=AG, -+ -, Gi). Let GLu=GCGin1
=t \Gru(¢:)®i. Now Giyy is not in MP, by our hypotheses. Hence there
is an kEIM, such that G/41(k) 0. Thus we may apply Lemma 15 to obtain
¢k+l =ch’' and q’]g.,.l = CG};’+1.
Now ¢rpi=ch’ =c(h—2_ L ®:(h)p;) EM since hand ¢y, - - - , i are in M.
Since A(Py, - - -, Bx) =A(Gy, - - -, Gi) and C0, simple linearity considera-
" tions will show that A(Py, - « -, Prp)) =AGy, - + +, Grpa)-
Our induction will carry on for 2=0, - - -, n—1 and thus we have the
desired biorthogonal series.
Since A(Py, - - -, B,)=A(Gy, - - -+, Ga) is total for M, Py, - - -, P, is
total for M by Lemma 2(b). Let &' =h—) o ,®:(h)p; for any kEM. Now
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HEMsince hand ¢y, - -+, P EM. Also $;(4’)=0fori=1, - - -, n, and thus
the totality of &,, - - -, ®, yields that #’=0. Thus hEA(¢1, * + + , Pn) and M
is finite-dimensional.

Thus when we assume that neither I nor MNP are finite-dimensional,
Lemma 17 and Lemma 16(g) and (h) show that both the {G;} and {4;} span
infinite-dimensional linear sets.

We may also point out that we may substitute for our finite-dimensional
condition in our hypothesis that the {G;} be finite-dimensional modulo MZ.
The Gy, + + +, Gnin the first paragraph may be chosen as linearly independent
modulo MP without loss of totality or they may be chosen simply as linearly
independent as in the above proof and then the casting out process will re-
duce them to a finite set.

CoROLLARY. If a set {G} is total relative to M and the {G;} are finite-di-
mensional modulo INP, then M is finite-dimensional.

7. In this section, we pass from the previously constructed elements to a
biorthogonal series. In the essential case, we have the following lemma.

LeMMA 18. If both It and INP are infinite-dimensional there exists a bior-
thogonal series ¢1, 2, -+« , 1, P, - - - such that:

(@) P2 €EM for k=0,1, 2, -

(b) P EMP for k=1,2, .- -.

(c) Each g.€A({¢1, ¢s, b5, - - + }).

(d) Each Haeﬂ({ ¢29 Qh QGy ¢t })'

(e) Each h:€A({o:}).

(f) Each G.€A({®;}).

Construction. We construct the ¢y, ¢, + + -, &1, Py, - - - by four varying
steps which are taken in rotation.

Step 1. This is for ¢urs1, Paxtr, k=0, 1, 2, - - - . We suppose we have
b1, + + -, bak, By, - ¢+, By already defined with the requisite properties-(a)
and (b). We form, for every 7,

gi=gi— E ®;(g)

Since g; €M and &,,EMP fors=1, - - -, 2k by (b), we have ®,,(g;) =0 and

2k—1

gi=g— 2 Panlg)dun.

=0

Since g;EM by Lemma 16, (a) for s=0, 1, - - -, 2k—1 implies that g’; S M.
Since M is not finite-dimensional, (a) of Lemma 16 implies that not every g’;
is zero. Let ¢’ be the least ¢ such that g’;0.

Thus g’»0 and g’y €M while (g) of Lemma 16 yields that the set {G.-}
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is total for M. Thus there is a G such that G;-(g’s») #0.

We now apply Lemma 15 to the biorthogonal series ¢y, * + +, Qur,
Py, - - -, P4 and gy, Gi». We can therefore augment the series with a ¢ar4a,
®,;41 such that gy and G are linear combinations of the ¢, < + +, Psrta,
®,, - -+, Py, respectively.

We note (1) dur=cg’+ EM, (2) g; is a linear combination of the
b1, @3, + -+, Parsa for 1 <47, and every time this step is taken the corresponding
' is at least one larger. This implies ¢’ = k.

Step 11. This is for the @uiis, Parss, k=0, 1, - - - . We suppose that we
have ¢y, + + -+, bar1, P1, - - -, Pury1 already defined with the requisite prop-
erties (a) and (b). We define for every ¢,

4k+1

H';=H;— Y His)®;
1
Since H;EMP and ¢2,.1EM for s=0, - - -, 2k, we have

2k
H;=H; — E H($2,) Do
=0
Thus (b) yields that H’;EIP. Let ¢’ be the least ¢ such that H; 0. Lemma
16(h) and the above results show that there is an k;- such that H’;.(k;) 0.
We may again apply Lemma 15 to obtain a ¢aria=ch’; and Perie=CH';..
We again note (1) ®442EMP, (2) thereis an ¢’ 2k such that Hy, - - -, Hy
areallin 2[(@1, ceey, @4},4.2).
Step I1I. This is to construct ¢sris, Pirts, assuming (a) and (b) for
b1, 00y Pk, Py v, Paige
Form, for all 7,
4k+2

G =Gi— 2 Gis)%;
=1

Now not all the G’'s are zero, because if they were, the {G;} would be con-
tained in a finite-dimensional set, which contradicts the result after Lemma 17
that the {G;} span an infinite-dimensional manifold. Let i’ be the least 7 such
that G’;50.

We next show that G’ is not in IMP. For each ®; for j<4k42 is a linear
combination of certain H’s and G's. The G's which appear are those,
G, * + *, G,,, which have been used in steps 4s+1, s <k, or 45+3, s <k, and
hence are linear combinations of the ®;, - - -, ®ai42, Consequently the result
of priming these G’s is zero, while G’;»0. Hence G- »G,, for j=1, - - - , 1.
Thus when we eliminate ®,, - - -, ®4r49, in the expression for G’y, we get

3
G =G+ 2 0G,;+H
je=1
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where no G,;=Gy and HEIMP. Thus G’ ©INP leads to
t
Gi' + E aiGl; E sz
=1

which contradicts (e) of Lemma 16. It follows that G’;. is not in INP and that
there is a j such that G';(g;) 0. Let j’ be the least such j.

We now apply Lemma 15 to G4, g;» and obtain ¢arr3=cg’j, Parys=CG s,

Again we may remark (1) ¢443EM [(a) and (b) for subscripts less than
4k+ 3 imply that g’; €I and hence a3 EM ], (2) thereis an i’ = &, such that
Gl, oty G." are in 2[(@1, ey, ®4k+3)-

Step IV. We construct ¢est4, Parise, £=0, 1, - - - . This step is similar to
Step III, with however & instead of G, and H instead of g. The concluding
remarks are (1) ®4, . EMP, (2) there is an 2’ = &, such that &y, - - -, by arein
2[((ﬁly t e 9¢4k+4)'

Steps I, I1, II1, and IV applied in rotation construct a biorthogonal series
b1, P2, + + -, P1, By, - - - . This is the desired construction.

Proof of the lemma. (a) is a consequence of remark (1) in Steps I and III,
(b) is a consequence of remark (1) in Steps II and IV, (c), (d), (e) and (f) are
the results of remark (2) in Steps I, I1, IV and III respectively.

We can now dispense with the elements g;, G, k;, and H; which served to
construct ¢y, ¢z, + + -, Py, By, - - -

LEMMA 19. If M and MP are infinite-dimensional, there exists a biorthogonal
series ¢y, ¢z, -+ -, D1, Dy, - - - with the properties (1) [A(ds, b3, ds, + - - )] =,
(2) [QISQ% q)b q>0v v )]=9JEP$ (3) [2[(¢1) ¢2, cte )]=$y and (4) [2[(@1, 4)2’
Y

Proof. (1) Lemma 18(a) implies that [A(¢1, ¢s, @5, - - - ) JTIM. On the
other hand, Lemma 18(c) shows that (¢1, ¢s, ¢, - - - )D{gi}. This and
Lemma 16(a) show that [U(¢1,. @3 s - - - )]DM. Thus we have I
= [U(gs, b3, b5, - - - )]

(2) This follows in a similar fashion from Lemmas 18(b), (d) and 16(d).

(3) This follows from Lemmas 18(c), (e) and 16(c).

(4) Lemmas 18(d), (f) and 16(b) imply (4).

For completeness, we include the following lemma.

LeMMA 20. If M= (0) is of dimension n < o, then there exists a biorthogonal
series @y, + » + , bn, P1, - - -, Pn, such that (s, + + +, dn) =M.

- Proof. We have n0. Suppose we have constructed ¢, - - -, ¢x,
Py, - - -, By for a k<n with A(py, - - -, o) CTI:. We wish to construct ¢r41,
q’k+1.

To do this we first show that A(¢y, + - -, ¢x) is closed. (We may mention
that in the case 2 =0, U is empty and hence closed.) Suppose % is a limit point
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of A, + + +,¢x) and {h.} is a sequence from (¢, - - - , i) such that k;—h.
Wehaveh;= t.,a:,j9;since ,;EA(¢y, - - -, $x). By Lemma 12, a;, ;= ®;(k).
Since ®; is continuous and h;—% we have that a;,; converges to an a;, for
j=1, -+, k, as i—> . Consequently > k. ,a;,:b; converges to Y r.,a;b;since
k is fixed. Thus A=Ilim E}_la.-,gﬁ,-=2;_la;¢,~ and hence hEA(p1, + + +, ¢u).
We have shown that A(¢y, - - -, ¢) contains all its limit points and hence is
closed.

Since k <n, A1, * - - , &) is included in but cannot equal M. Let ¢41 be
an element of M not in A(¢y, - « -, $1). By the lemma of [B, chap. IV, §3,
p. 57], there is a ®:41EB* such that $z11(k) =0 for hEA(¢y, - - -, d&) and
Pr1(pr) =1. It is clear that ¢rt1, Pry1 augment the series ¢y, + + -, ¢y,
&, -, Bi.

We can in this manner construct ¢y, + -, ¢n, Py, ---, &, with
Ay, * + + Pa)CM. Ay, - -+, Pa)=IM since M is n-dimensional and
A(py, « - * , Pa) is closed.

8. THEOREM. If B is a reflexive separable Banach space with a separable
conjugate space B*, and if M is a non-empty additive closed subset of B, then
there exists a projection whose range is M. (In §4, a projection is defined as a
c.a.d.d. transformation E with E*=E.)

Proof. If M =(0), let E=0.

If M is finite-dimensional and not equal to (0) we consider the orthogonal
set,P1, * * *, On, P, -+ o, Pa, with A(gy, * + -, Pa) =M given by Lemma 20.
We then take the E defined in Lemma 14 whose range is %(¢y, - + -, ¢.) =M.

If INP is finite-dimensional, we apply one of the preceding results to ob-
tain an E°® which projects 8* on INP. By Lemmas 9(c) and 1(c), the set of
zeros of E%* is (MP)P =IN. E®* is a projection by Lemma 11. Applying Lemma
11 again, we obtain that E=1—E% is a projection with range M.

Thus we may suppose that both It and MNP are infinite-dimensional. Con-
sequently we may apply Lemma 19, and obtain the biorthogonal series
b1, P2, + ¢ ¢y B1, By, - - - of that lemma.

We define an additive transformation E’ with domain A(¢1, ¢2, - - - ) as
follows. If AEN(¢1, P2, - - + ) then for all sufficiently large k, we may ex-
press k in the form > 2 a4, using zero coefficients when necessary. Let
E’h =)} ,a2j1¢2;1, that is, we suppress in the expansion for & the ¢,’s with
even subscripts. Lemma 12 shows that E’k is the same no matter which per-
missible k is chosen. Hence the transformation E’ is uniquely defined. It is
clearly additive.

Lemma 19(c) shows that A(¢y, ¢2, - - - ), the domain of E’, is dense. This
and Lemma 7 imply that E’* exists and is closed and additive. Consider
®,,_; for a given s=1,2, - - .. Let k=) 2 a.¢; and we may suppose k>s.
Then since ®,(¢;)=3,,;,
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k
Ba01(E'R) =1®20a( 2 dzi—1¢z;—1) = @31

=1

2k
= q’z.-x( Z 0£¢i) = &y,_1(h).
=1
Also

k

Bou(E'R) = q>2.< Zﬁaz,-_lqbz,‘_l) =0 = 0(h).
=1

These equations for all AEA(¢p1, ¢2, + - + ) yield by (B) of §3 that E'*®,,_,

exists and equals ®.,_; and E™*®,, exists and equals 0. Since E’* is additive,

we have then that its domain, D*, contains A(®;, s, - - - ).

Since A(P;, Pq, - - - ) is dense, D* is also dense. Thus E’ is a transforma-
tion whose adjoint has a dense domain. Lemma 8 now shows that [E’] exists.
Let E=[E']. The corollary to Lemma 8 shows that E*=E'*. Since the do-
main of E’ is dense, so also is the domain of E which includes it. Since E’
is additive, E is also. Thus E is c.a.d.d.

We next show that the range of E, R, is M. Let IM; denote the ’'sCB
. such that Eh=h. E—1 is closed by Lemma 9(a) and consequently Lemma
9(b) shows that IM;, the set of zeros of E—1, is also closed. Now Egs,_;
= E'¢p3,_1=¢2,—1 and hence I contains ¢2,—1. Since M, is closed and additive,
9%, must contain [A($1, @3, « + + )]. Lemma 19(a) states that [U(¢1, ¢s, - - -)]
=9 and thus PHLOM. Clearly R DI, and hence RDOIMN.

On the other hand, consider N* the set of zeros of E*=E'*. Lemma 9(b)
shows that N* is closed. We also have from the above that E*®;, = E'*®,,=0.
This means that ®;,EN* and since N* is closed and additive we have that
N*D [A(Ds, @4, - - -)]. Lemma 19(b) states that MP = [A(Ps, Py, - - - )], and
thus M*DOMP. Taking the orthogonal complements, we obtain N*PC IN.
Lemma 9(c) shows that [R]=9N*P and thus RC [R]=N*?CIM. (This also
follows from the fact that the range of E’ is included in M and E is the closure
of E’.) With the result of the previous paragraph, this yields it =. The pre-
vious paragraph also yields RD P D M. This now implies P, =M =R.

Since R =M1, we have that for hER, Er=h. Thus for every f for which
Ef is defined, we have E(Ef) = Ef. This is equivalent to E?=E.

We have shown that E is a c.a.d.d. transformation with E2=E and that
the range of E is M. This completes the proof of the theorem.

If we consider Lemma 10(a), we obtain the following corollary.

COROLLARY. Under the hypotheses of the above theorem, I has a quasi-com-
plement.

9. In this section, we show that a quasi-complement, which is not a com-
plement, that is, for which M- +-N is not B, can always be increased or de-
creased in such a way that the result is still a quasi-complement.
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LeMMA 21. Suppose N is a closed additive set and f is an element not in N.
Then the set {af} -+ -N is closed.

Proof. Let d=gr.Lb. (|f+¢|, gEN). Since fis not in N, d 0. We also have
|a| d= Iaf+g| for every g&EN and every a.

Let & be a limit point of {af}-+ N and a.f+g. a sequence which ap-
proaches k. This sequence is convergent and from the above we have

d-| an = an| Z| (@0 = am)f + gn — gm]
=| @af + go — (Gmf + gm) | —O.

Thus the a,’s converge and consequently the g,’s do also. Let the limits of
these be respectively ¢ and g. It follows that Z=Ilim (a.f+g.)=af+gE {af}
-4 - N and this last set is closed.

THEOREM. Let MM and N be quasi-complements but not complements. Then
there is an W DN but =N which is also a quasi-complement to M. There is
also an W' CN but =N which is a quasi-complement to M.

Proof. Since I and N are not complements there is an f not in M- +-N.
fis not in N and thus N’ = {af} - + N is closed. We show that I and N’ are
quasi-complements.

Suppose hEM-N'. Then hEIMM and h=af+g¢ for a gEN. Now if a0,
we have f=(1/a)h+(—1/a)gEM- 4+ -N contrary to our hypothesis on f.
Hence a=0 and z=g&M - N=(0). We have then =0 and M N’ =(0). We
also have M- 4 -N' DM - 4 - N and the latter is dense. Hence M- + - N’ is also
dense. We have now shown that ¢ and %’ are quasi-complements.

We next show the existence of NN’’, a proper subset of N, which is also a
quasi-complement of M. Consider MP and NF. By the above, we can take a
set NP’, which properly includes NP and which is also a complement to INF.
The corollary to Lemma 11 shows that I and N’ = (NF')P are quasi-comple-
ments. Since RFCNP’, wehave RDON'’. Furthermore, we cannot have ¥ =N"’
for then NP =N"'"P=(NP')PP =NP’ contrary to our choice of NP’ as not equal
to NMP. Thus N’/ is a proper subset of N, which is a quasi-complement for M.

COROLLARY. If E ts an unbounded projection on (M), it may be extended to
an E' which is also a projection on M or contracted to an E'' which is also a pro-
Jjection on M.

Proof. Let N be the set of zeros of E. By Lemma 10(a), I and N are
quasi-complements. By the above theorem we may increase i to an N’ which
is still a quasi-complement to M. By Lemma 10(b), we have a projection E’
with range M and zeros N’. This is an extension of E with which it agrees on
m-+-N.

Similarly %'’ may be used to find a contraction of E.
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